The algebraic structures of the genetic code are most important to obtain additional information about the semantic code and its applications. In this paper we define two dual Our experiments have demonstrated a small Hamming distance to the wild type HXB2 of almost all the drug-resistant reported mutations in HIV protease gene. The human beta-globin mutant genes have also exhibited similar results. Our research suggests that the Hamming distance between two genes in the molecular evolution process have a minimal value.
INTRODUCTION
So far the rules for encoding base triplets to amino acids in the genetic code order remain an attractive puzzling problem. The genetic code is the biochemical system that establishes the rules to transcribe the nucleotide sequence of a gene into the mRNA codon sequence, later translated into the amino acid sequence of the corresponding protein. The codon set is an extension of the four-letter alphabet found in the DNA molecule. The DNA bases Adenine, Guanine, Cytosine, and Thymine, usually denoted A, G, C, T (in the RNA, T is changed for U, Uracil) are paired according to the following rule: G≡C, A=T (where each '−' symbolizes a hydrogen bond). It is said that base G is the complementary base of C, and A is that of T in the DNA molecule, and vice versa. Moreover, it is well-known that there is an association between the second-position base and hydrophobicity. The amino acids having U at the second position of their codons are hydrophobic: {I, L, M, F, V} -the amino acids are written using the one-letter symbols and have low polarities-according to the Grantham polarity scale (Grantham, 1974) . Those with A at the second position, however, are hydrophilic (polar amino acids): {D, E, H, N, K, Q, Y} (Crick, 1968) . The amino acids with C in the second position of their codons have their polarities in the middle, between the last two groups, while those with G in the second position don't follow any regularity in their polarities. The nonrandom organization of the genetic code has been pointed out (Woese, 1965; Freeland and Hurst,.1998 ) and various hypothesis have been proposed to explain their enigmatic order whose origin remains unknown. (Woese, 1965; Woese et al. 1966; Crick, 1968; AlfSteinberger, 1969; Swanson, 1984) .
For this purpose, different formal mathematical models of the genetic code have involved the binary representation of the DNA bases. (Jiménez-Montaño et al, 1996; Stambuk, 2000; Karasev and Stefanov 2001; He et al, 2004) . Jiménez-Montaño et. al. (1996) suggested a binary interpretation of the genetic code with the following correspondences: A= 00, G = 01, U=10, C=11. This binary code of six variables could be represented by the Boolean hypercube. Stambuk (2000) , who introduced the universal metric properties of the genetic code, defined it by means of the nucleotide base representation on the square with vertices U or T = 00, C = 01, G =10 and A = 11. Very differently, Karasev and Stefanov (2001) suggested a model for the topological coding of proteins and arrived at the correspondence C=00, U=01, G=10, A=11. Recently, He et al (2004) used the Gray code representation of the genetic code C=00, U=10, G=11 and A=01 to generate a sequence of genetic code-based matrices.
The binary representation of the DNA bases suggests that some partial order should exist both in the base set and in the genetic code. Then, it is normal to think that some partial order in the codon set should reflect the physico-chemical properties of amino acids (Lehmann, 2000; Knight et al (1999) .
Our partial order, obtained in the codon set as a consequence of a Boolean lattice and defined in the standard genetic code, reflects the relationship between the codon assignment and the physico-chemical properties of amino acids. Resulting from the partial order of the four DNA bases derived from the Boolean lattices of the four bases, these Boolean lattices are defined by the same physico-chemical properties used by Jiménez-Montaño et al. (1996) : hydrogen bondings (to be exact in this paper we use the hydrogen bond number) and the chemical types.
Because the number of codons in the genetic code is the number of three-letter variations repeated from the four-letter alphabet, the Boolean lattice on the triplet base set (64-codon set) will be the direct third power of the Boolean lattice of the four DNA bases. Therefore, the aim of this paper is to describe a new Boolean lattice of the standard genetic code and to show its correspondence with the experimental data.
Theoretical Support
This paper's mathematical groundwork is the Boolean lattice. First, the Boolean lattice of the four bases of the DNA is built and from it, the Boolean lattice of the Genetic Code. Actually, the Boolean lattice of the Genetic Code is obtained as the direct third power of the initial lattice. (A definition of a Boolean lattice appears in the Appendix).
Next are the lattice properties used on the set of elements X where the Boolean lattice is denoted (B(X), ∨, ∧).
• In every Boolean lattice (B(X), ∨, ∧), for any two α, β∈X elements, we have α≤β, if and only if
, it is said that β is deduced from α. Furthermore, if α≤β or α≥β, the elements α and β are said to be comparable. Otherwise, they are said not to be comparable and are then denoted α || β.
• For any Boolean lattice (B(X), ∨, ∧) there exists the "dual Boolean lattice" (B'(X), ∧, ∨), where the order relation is reversed, the symbols ∨ and ∧ are interchanged and the maximum and minimum (1 and 0) are inverted. We refer to lattice (B(X), ∨, ∧) as a primal lattice and to lattice (B'(X), ∧, ∨) as a dual Boolean lattice.
• Finally, every Boolean lattice has its corresponding directed graph called the Hasse diagram, where two nodes (elements) α and β are connected with a directed edge from α to β (or with a directed edge from β to α) if and only if α≤β (α≥β) and there is no other element between α and β.
• In the Hasse diagram, chains and anti-chains are obtained: A Boolean lattice subset is called a chain, if for any two elements α and β in the subset we have α≤β or α≥β. If any two of its elements are not comparable, the subset is called an anti-chain.
• In the Hasse diagram of the Boolean lattice, the distance function between its nodes is the Hamming distance that indicates the length of the path between two nodes (the number of edges between two nodes.)
THE BOOLEAN LATTICE MODEL OF THE GENETIC CODE
Following the nature of the partial order of the four DNA bases previously defined by means of the hydrogen bond number and the chemical types of purines {A, G} and pyrimidines {U, C} bases, the genetic code partial order is built. Actually, codons are base-triplets and the number of codons in the genetic code is the number of three-letter variations with repetition from the four-letter base alphabet.
The Boolean lattice of the four bases is built assuming that the complementary bases in the lattice are the complementary bases in the DNA molecule (G≡C and A=T or A=U during the translation of mRNA). That is, the bases with the same number of hydrogen bonds in the DNA molecule and with different chemical types must be complementary elements in the lattice. This lattice, however, needs two non-comparable elements, a maximum element and a minimum element. At this point, the desired Boolean lattice of the genetic code is assumed to be the direct third power of the four-base Boolean lattice. The maximum element in the Boolean lattice of the genetic code has to be the direct third power of the maximum element in the Boolean lattice of the four bases. We then draw the correspondence:
U→UUU, C→CCC, G→GGG, A→AAA.
The Boolean lattice with the desired biological signification has to be selected by taking into account the physico-chemical properties of these codons as well as their respective amino acids. The selection criterion used is supported by the following observations: 1) Both codons GGG and CCC have the same maximum hydrogen bond numbers and they code for small amino acid side chains with a small polarity difference: Glycine and Proline respectively (Grantham, 1974) . These similarities justify their comparability.
2) Although codons UUU and AAA have the same minimum hydrogen bond numbers, they code for amino acid side chains with extreme opposite polarities: Leucine, a hydrophobic residue and Lysine having a strong polar group. This opposite property explains why these elements are not comparable.
These observations allow us to select two dual Boolean lattices, the Primal and the Dual, as they are conventionally known. At first sight, the maximum element in the Primal lattice seemed to be C and the minimum G, and in the Dual lattice, the maximum element seemed to be G and the minimum C. The second observation demonstrated that elements U and A are not comparable and that, therefore, they should not be the maximum or minimum elements in a lattice with biological meaning. So, we have two Boolean lattices (B(X), ∨, ∧) (the primal lattice) and (B'(X), ∧, ∨) (the dual lattice), where X={U, C, G, A}. The Hasse diagrams of the two Boolean lattices obtained appear in Fig.1 . It is obvious that the terms 'primal' and 'dual' in these Boolean lattices are interchangeable but they will not affect the biological meaning.
To simplify the notation we will refer simultaneously to both lattices as B(X).
In Fig. 1 Published in Similarly, the C(X) Boolean lattices are isomorphic to the dual Boolean lattices ((Z 2 ) 6 , ∨, ∧) and ((Z 2 ) 6 , ∧, ∨). They are induced by the ϕ: B(X)→(Z 2 ) 2 isomorphism, so that, for instance (in the primal lattice):
Thus, starting from the genetic code source alphabet consisting of four nucleotides of the DNA and the mRNA, we arrive at the second extension of this alphabet with 2 6 =64 lettercodons of the genetic code. In this Boolean lattice, the distance between two codons using the well-known Hamming distance is figured out. This distance (d H ) between two codons, shown as binary sextuplets corresponds to the number of different digits between them. That is,
As mentioned above, this is the distance between the nodes in the Hasse diagram. The
Hamming distance between two genes (D H ) will be the sum of the Hamming distances between their respective codons. That is, for two genes α and β with N codons, we have:
RESULTS AND DISCUSSION
The correspondence between the codon order and the physico-chemical properties of amino acids is reflected in the Hasse diagram of the genetic code. This structure, equivalent to a sixth-dimensional Boolean hypercube with vertices representing the codons, is different from those previously reported, (Jiménez-Montaño et al, 1996; Karasev and Stefanov 2001) .
Moreover, this ordering of the genetic code shows the natural relevance and strength of the anticodon-codon interaction needed to explain the symmetries in the genetic code table as reflected in our dual Boolean lattices. In both lattices, codons can be read in the 5´→3´ direction and anticodons in the 3´→5´ direction following the standard convention.
Consequently, the anticodon of the 5' CUG 3' codon, represented by 111000 in the primal lattice, is the triplet 3' GAC 5' similarly represented by 111000 in the dual lattice or represented by 000111 in the primal lattice.
The Hasse Diagram of the Genetic Code
In Fig 
. From this last observation, the symmetric image of a codon that codes to hydrophilic amino acids having codons with A in the second position is always a codon that codes to hydrophobic amino acids (codons with U in the second position). For instance, the symmetric image of the anti-chain {GUG, UGG, GGU, GGA, AGG, GAG} in the Hasse diagram of Fig. 2 is the anti-chain {CAC, ACC, CCA, CCU, UCC, CUC} taking the ordered elements one by one as an image. That is, GUG has CAC and so on.
All maximal chains have the same length because Boolean lattices are graded. Therefore, each chain from the maximum to the minimum element in both lattices will have the maximum length and vice-versa. In the primal and in the dual lattices all the chains with maximum length will have the same minimum element GGG for the primal and CCC for the dual and will have the same maximum element CCC for the primal and GGG for the dual. Moreover, it is evident that two codons will be in the same chain with maximum length if and only if they are comparable, for example, the chain: {GGG→GAG→AAG→AAA→AAC→CAC→CCC} (the arrows indicate the deduction direction in the primal lattice) (Fig 2) . This diagram has only 720 chains with the same maximum length (each one with six edges). Specifically, between codons of hydrophilic and hydrophobic amino acids there are great
Hamming distance values. Table 2 shows the Hamming distances between amino acid pairs computed as the mean distances between their respective codons. Table 2 . the Hamming distances between amino acid pairs computed as the mean distances between their respective codons. The Hamming distance values equal or greater than 3.5 appear in bold face.
1 2 2 2.67 3.33 2 3.67 3 3 3 2 2 3 3 3 4 4 3 4 5 2.67 W 2 0 1.5 2.17 3.17 3 2.5 2.5 3 4.33 2.5 3.5 2.5 3.5 4.5 2.5 3.5 4 5 4 1.33 C 2 1.5 0.5 2.5 2.83 3 2.83 1.5 4.5 3.83 3.5 2.5 1.5 4.5 3.5 3.5 2.5 4 5 4 2.17 R 2.67 2.17 2.5 1.39 3.5 3.67 2.61 3.5 2.5 2.72 3.5 3.83 3.5 2.5 2.83 2.17 2.5 4.67 3.67 3.33 2.83 S 3.33 3.17 2.83 3.5 2.72 3 2.94 2.5 3.5 3.28 3.17 2.83 2.5 3.5 3.17 3.17 2.83 2.67 3 2.67 2.94 V 2 3 3 3.67 3 1 2.67 2 2 2 3 3 4 4 4 5 5 2 3 4 3.67 L 3.67 2.5 2.83 2.61 2.94 2.67 1.39 1.83 2.17 2.39 4.5 4.83 3.83 4.17 4.5 3.17 3.5 3.67 3.33 2.33 3.17 F 3 2.5 1.5 3.5 2.5 2 1.83 0.5 3.5 2.83 4.5 3.5 2.5 5.5 4.5 4.5 3.5 3 4 3 3.17 M 3 3 4.5 2.5 3.5 2 2.17 3.5 0 1.33 3.5 4.5 5.5 2.5 3.5 3.5 4.5 3 2 3 4.33 I 3 4.33 3.83 2.72 3.28 2 2.39 2.83 1.33 0.89 4.17 3.83 4.83 3.17 2.83 4.17 3.83 3 2 3 4.78 E 2 2.5 3.5 3.5 3.17 3 4.5 4.5 3.5 4.17 0.5 1.5 2.5 1.5 2.5 2.5 3.5 2 3 4 1.83 D 2 3.5 2.5 3.83 2.83 3 4.83 3.5 4.5 3.83 1.5 0.5 1.5 2.5 1.5 3.5 2.5 2 3 4 2.83 Y 3 2.5 1.5 3.5 2.5 4 3.83 2.5 5.5 4.83 2.5 1.5 0.5 3.5 2.5 2.5 1.5 3 4 3 1.83 K 3 3.5 4.5 2.5 3.5 4 4.17 5.5 2.5 3.17 1.5 2.5 3.5 0.5 1.5 1.5 2.5 3 2 3 2.83 N 3 4.5 3.5 2.83 3.17 4 4.5 4.5 3.5 2.83 2.5 1.5 2.5 1.5 0.5 2.5 1.5 3 2 3 3.83 Q 4 2.5 3.5 2.17 3.17 5 3.17 4.5 3.5 4.17 2.5 3.5 2.5 1.5 2.5 0.5 1.5 4 3 2 1.83 H 4 3.5 2.5 2.5 2.83 5 3.5 3.5 4.5 3.83 3.5 2.5 1.5 2.5 1.5 1.5 0.5 4 3 2 2.83 A 3 4 4 4.67 2.67 2 3.67 3 3 3 2 2 3 3 3 4 4 1 2 3 3.33 T 4 5 5 3.67 3 3 3.33 4 2 2 3 3 4 2 2 3 3 2 1 2 4.33 P 5 4 4 3.33 2.67 4 2.33 3 3 3 4 4 3 3 3 2 2 3 2 1 3.33 STOP 2.67 1.33 2.17 2.83 2.94 3.67 3. The tendency of the Hamming distance between amino acids to increase along with their physico-chemical differences is shown by taking the amino acid Euclidean distances represented as three variable vectors: the polarizability parameter (Charton and Charton, 1982) , the polarity (Grantham, 1974) and the Normalized van der Waals volume (Fauchere et al., 1988) . Next, the 20x20 Euclidean distance matrix between amino acids is calculated. For each codon subset (XUZ, XCZ, XGZ, XAZ) two nx20 sub-matrices are taken (n is the number of amino acids coded in the subset): one sub-matrix from the Euclidean distance matrix and the other from the Hamming distance matrix (presented in Table 2 ). For instance, for the codon subset XUZ n=5 (F, I, M, L, V) the correlation coefficient between the two 5x20 submatrices (Euclidean versus Hamming distances) is equal to 0.59. The correlation coefficient between the corresponding 7x20 sub-matrices of the codon subset XAZ (D, E, H, K, N, Q, Y) is equal to 0.56 and the correlation coefficient between the corresponding 4x20 sub-matrices of the codon subset XCZ (A, P, S, T) is equal to 0.44. All these correlations are significant at the 0.001 level (2-tailed test). In the 5x20 sub-matrices corresponding to the codon subset XGZ (C, G, R, S, W) the correlation is very small and not significant. Fig 3 shows the graphics of the Hamming distance vs. the Euclidean distance from the 7x20 and 5x20 sub-matrices resulting from the subsets XAZ and XUZ. Even though these correlation coefficients are small, the tendency is clear and highly significant.
Hence, we expect to find the most frequent mutations in genes having small Hamming distances. This idea has been verified experimentally in mutant genes. Table 3 We have computed the mean of the Hamming distance between the respective codons (see Table 1 ) for each amino acid pair. The Euclidean distance between each amino acid pair was calculated from its representation as a vector of three variables: polarizability parameter (Charton and Charton, 1982) , polarity (Grantham, 1974) and normalized van der Waals volume (Fauchere et al., 1988) . Graphic A was obtained from 7x20 distance sub-matrices corresponding to hydrophilic amino acids with codons XAZ: D, E, H, K, N, Q, Y. Graphic B was obtained from 5x20 distance sub-matrices corresponding to hydrophobic amino acids with codons XUZ: F, I, M, L, V. The correlation coefficients are 0.56 and 0.59 respectively, and both are significant at level 0.001 (2-tailed test). For instance, mutations V20M, D21N, V121L and D99E preserve the hydrophobic character but alter the oxygen affinity to hemoglobin. Such experimental results suggest that the mutational pathways followed by the genes in the molecular evolution process tend to have the smallest Hamming distance in each step. In fact, this hypothesis might be called 'continuity hypothesis' and this suggest that small differences in the biological activity between the wild type and the mutant gene would mean a small Hamming distance. The 'continuity hypothesis' has been verified by reported mutation experiments with the HIV-1 protease and the reverse-transcriptase (Rose R. E. et al., 1996 , Kim et al., 1996 . Fig 4 A shows the fold increases compared to the wild type of resistant mutations on HIV-1 protease against the protease inhibitor MK-639. The fold increases compared to the wild type of the resistant mutations on HIV-1 protease against the protease inhibitor MK-639 (Rose et al., 1996) and B: The enzymatic activity changes in the HIV-1 reversetranscriptase mutants normalized with regard to the wild type enzyme (Kim et al., 1996) . Such results support the assumption that the genetic code reduces the effects of point mutations and minimizes the subsequent transcription and translation errors to make the reproduction of genetic information possible (Friedman and Weinstein, 1964; Epstein, 1966; Crick, 1968; Alf-Steinberger, 1969; Parker, 1989; Gillis et al. 2001) . regarding their wild types. Furthermore, we found that the small difference between the enzyme activities of the wild type and the mutant means a small Hamming distance between them. The experimental confrontation suggests that in the molecular evolution process, the mutation pathway tends to have the minimal Hamming distance between the wild type and the mutant genes (proteins) in each mutation step. These results advance the idea that the Boolean lattice could allow us to model the gene mutation process.
APPENDIX

The Boolean Lattice Definition
We would like to go over some definitions of the Boolean lattice for the advantage of the reader. The lattice concept is connected with the concept of a partially ordered set.
Definition:
A partially ordered set X is a set of elements with a binary relation, denoted by "≤", which is:
i. Reflexive: α ≤ α for all α∈X ii. Transitive: α ≤ β and β ≤ δ imply α ≤ δ
iii. Anti-symmetric: α ≤ β and β ≤ α imply α = β
If for x∈X the element α satisfies the inequality α ≤ x then, the element α is called a "lower bound" to the set X. The lower bound β is called the greatest lower bound (g.l.b) if β ≥ α for any other lower bound α. Dually, we can defined "upper bound" and "least upper bound" (l.u.b.) (Birkhoff and MacLane, 1941) . The g.l.b. of α and β is denoted by α ∨ β and the l.u.b.
by α ∧ β. 
